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IRREDUCIBILITY OF THE SIEGEL MODULI SPACES WITH
PARAHORIC LEVEL STRUCTURE
CHIA-FU YU
Abstract. We prove that the moduli space Ag,Γ0(p) ⊗ Fp of principally po-
larized abelian varieties of dimension g with a Γ0(p)-level structure in char-
acteristic p has 2g irreducible components. The cases of other parahoric level
structures are also considered.
1. Introduction
Let p be a rational prime number. Let N ≥ 3 be a prime-to-p positive integer.
We choose a primitive Nth root of unity ζN in Q ⊂ C and an embedding Q ⊂ Qp.
Let Ag,1,N denote the moduli space over Z(p)[ζN ] of principally polarized abelian
varieties with a full symplectic level N structure with respect to ζN . The moduli
scheme Ag,1,N has irreducible geometric fibers. A principally polarized abelian
scheme over a base scheme S with a Γ0(p)-level structure consists of
(A, λ, 0 = H0 ⊂ H1 ⊂ H2 ⊂ · · · ⊂ Hg ⊂ A[p] ),
where (A, λ) is a principally polarized abelian scheme, Hi is a locally free finite
subgroup scheme of rank pi and Hg is isotropic for the Weil pairing eλ induced
by λ. Let Ag,Γ0(p),N denote the moduli space over Z(p)[ζN ] that parameterizes the
objects in Ag,1,N with a Γ0(p)-level structure. We prove
Theorem 1.1. The reduction Ag,Γ0(p),N ⊗ Fp of the moduli space modulo p has 2
g
irreducible components.
The case of g = 1 is a well-known result of Deligne and Rapoport [3], where two
irreducible components intersect at supersingular points transversally. The case of
g = 2 has been proved by de Jong [5]. He also proves the flatness of the structure
morphism and determines the singularities. Go¨rtz further proves the flatness and
determines the singularities for arbitrary genus g (see [6, Theorem 2.1] for precise
statements). Particularly he verifies the conjecture of Rapoport and Zink [9] for
the case of unramified symplectic groups.
In [8] Genestier and Ngoˆ study the stratification by µ-permissible elements in
the sense of Kottwitz-Rapoport on the moduli space (see [7]). They show that the
p-rank is constant on each stratum and determine the dimensions of the strata.
Particularly they prove
Theorem 1.2 (Genestier-Ngoˆ). The ordinary locus Aord of A := Ag,Γ0(p),N ⊗ Fp
is dense in A. Moreover Aord is the smooth locus of A.
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More precisely, let
A =
∐
w
Aw
be the stratification of A by µ-permissible elements. Genestier and Ngoˆ show that
each stratum Aw is non-empty and that p-rank(w) = g if and only if dimAw =
dimA. There are 2g of such µ-permissible elements. The task taken here then is
to show that each maximal stratum Aw is irreducible. Indeed we give the simple
combinatorial description for such µ-permissible elements by subsets τ of {1, . . . , g}
and then show that the corresponding stratum Aτ (see the definition in the next
section) is irreducible. Our basic tool is the p-adic monodromy developed in [4].
2. Proof of the theorem
We keep the notation as in the previous section. Let S be a locally noetherian
base scheme in characteristic p. Set H := (Z/pZ × µp)
g and let ϕ : H ×H → µp
be the alternating pairing defined by
ϕ((mi, ζi), (ni, ηi)) =
g∏
i=1
ηmii ζ
−ni
i , ∀mi, ni ∈ Z/pZ, ζi, ηi ∈ µp.
A Γ(p)-level structure on an ordinary principally polarized abelian scheme (A, λ)
over S is an isomorphism ξ : HS ≃ A[p] such that the pull-back by ξ of the Weil
pairing eλ is ϕ.
Let AordΓ(p) denote the cover of A
ord
g,1,N where the objects are endowed with a
Γ(p)-level structure. As a Γ(p)-level structure ξ is determined by its restriction on
(Z/pZ)g, this moduli scheme AordΓ(p) represents the sheaf
Isom((Z/pZ)g,X [p]e´t)
on Aordg,1,N for the e´tale topology, where (X , λ, α) → A
ord
g,1,N is the universal family.
This cover gives rise to the map ρ : pi1(A
ord
g,1,N , x¯)→ Aut(Xx¯[p]
e´t) = GLg(Z/pZ). It
follows form the surjectivity of the p-adic monodromy ρ : pi1(A
ord
g,1,N , x¯)→ GLg(Zp)
[4] that the moduli scheme AordΓ(p) is irreducible.
Let (A, λ,H•, α) be an object in A
ord over a connected scheme S. We associate
a subset τ of {1, . . . , g} as follows: for 1 ≤ i ≤ g, i ∈ τ if and only if Hi/Hi−1 is of
multiplicative type. Therefore, the ordinary locus
Aord =
∐
τ
Aτ
is a finite union of open and closed subschemes Aτ whose objects have type τ .
Proposition 2.1. For each τ ⊂ {1, . . . , g}, there is a natural finite surjective
morphism from AordΓ(p) to Aτ .
Proof. Given any τ , we define a subgroup scheme Hτ :=
∏g
i=1Ki of H , where
Ki :=
{
Z/pZ if i 6∈ τ ,
µp if i ∈ τ .
It comes with a natural filtration of subgroup schemes Hτ,i :=
∏i
j=1Kj.
Given an object (A, λ, ξ, α)S of A
ord
Γ(p), let ξτ be the restriction of ξ on Hτ ⊗ S.
Note that ξ is determined by its restriction ξτ by the Cartier duality. Put Hi :=
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ξτ (Hτ,i ⊗ S) for 1 ≤ i ≤ g and then H• gives a Γ0(p)-level structure of type τ on
(A, λ). The map (A, λ, ξ, α) 7→ (A, λ,H•, α) defines a morphism fτ from A
ord
Γ(p) to
Aτ . It is clear from the construction that fτ is finite and surjective.
Corollary 2.2. Every stratum Aτ is irreducible.
Theorem 1.1 now is proved.
3. Parahoric level structures
We keep the notation as before. Let k = (k1, . . . , kr) be an ordered partition of
g: each ki ≥ 1 and
∑r
j=1 kj = g. Set h(i) :=
∑i
j=1 kj for 1 ≤ i ≤ r. A Γk(p)-level
structure on a principally polarized abelian scheme (A, λ) is a flag of finite subgroup
schemes
0 = Hh(0) ⊂ Hh(1) ⊂ · · · ⊂ Hh(r) ⊂ A[p],
where Hh(i) is locally free of rank p
h(i) and Hh(r) is isotropic for the Weil pairing
eλ. When r = g, it is a Γ0(p)-level structure defined in Section 1. Let Ag,Γk(p),N
denote the moduli space over Z(p)[ζN ] that parameterizes the objects in Ag,1,N with
a Γk(p)-level structure. Let Ak := Ag,Γk(p),N ⊗ Fp be the reduction modulo p, and
let Aordk denote the ordinary locus of Ak.
Proposition 3.1. The ordinary locus Aordk is open and dense in Ak.
Proof. As the natural forgetful morphism f : A → Ak is surjective, the statement
follows from Theorem 1.2.
Let (A, λ,H•, α) be an object in A
ord
k over a connected scheme S. We associate
an element τ = (τ(1), . . . , τ(r)) of
∏r
i=1 I(ki), where I(ki) = [0, ki] ∩ Z, as follows:
for 1 ≤ i ≤ r the local part of Hh(i)/Hh(i−1) has rank p
τ(i). Therefore, the ordinary
locus
Aordk =
∐
τ
Ak,τ
is a finite union of open and closed subschemes Ak,τ whose objects have type τ .
Proposition 3.2. For each τ in
∏r
i=1 I(ki), there is a natural finite surjective
morphism from AordΓ(p) to Ak,τ . Therefore, each stratum Ak,τ is non-empty and
irreducible.
Proof. Given any element τ , we define a subgroup scheme Hτ =
∏r
i=1Ki of H ,
where Ki = (Z/pZ)
ki−τ(i)×(µp)
τ(i). It comes with a filtration of subgroup schemes
Hτ,h(i) =
∏i
j=1Ki.
Now given an object (A, λ, ξ, α)S ofA
ord
Γ(p), let ξτ be the restriction of ξ onHτ⊗S.
Put Hh(i) := ξτ (Hτ,h(i)⊗S) for 1 ≤ i ≤ r and then H• gives a Γk(p)-level structure
of type τ on (A, λ). The map (A, λ, ξ, α) 7→ (A, λ,H•, α) defines a morphism fτ
from AordΓ(p) to Ak,τ . It is clear again that the morphism fτ is finite and surjective.
The ordinary locus Aordk has |
∏r
i=1 I(ki)| irreducible components. By Proposi-
tion 3.1, we prove
Theorem 3.3. The reduction Ak = Ag,Γk(p),N ⊗ Fp modulo p has
∏r
i=1(ki + 1)
irreducible components.
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Remark 3.4. Proposition 3.1 and Theorem 3.3 are obtained by Chai and Norman
[2, p. 273] when r = 1.
Acknowledgments. The author thanks Genestier and Ngoˆ for their inspiring work.
He also wishes to thank the referee for careful reading and helpful comments.
References
[1] C.-L. Chai and P. Norman, Bad reduction of the Siegel moduli scheme of genus two with
Γ0(p)-level structure. Amer. J. Math. 112 (1990), 1003–1071.
[2] C.-L. Chai and P. Norman, Singularities of the Γ0(p)-level structure. J. Algebraic Geom. 1
(1992), 251–178.
[3] P. Deligne and M. Rapoport, Les sche´mas de modules de courbes ellptiques, Modular func-
tions of one variable, II (Univ. Antwerp, Antwerp, 1972), 143-316, Lecture Notes in Math.,
vol. 349, Springer-Verlag, 1973.
[4] G. Faltings and C.-L. Chai, Degeneration of abelian varieties. Ergebnisse der Mathematik
und ihrer Grenzgebiete (3), 22. Springer-Verlag, Berlin, 1990. xii+316 pp.
[5] A.J. de Jong, The moduli spaces of principally polarized abelian varieties with Γ0(p)-level
structure. J. Algebraic Geom. 2 (1993), 667–688.
[6] U. Go¨rtz, On the flatness of local models for the symplectic group. Adv. Math. 176 (2003),
89–115.
[7] R. E. Kottwitz and M. Rapoport, Minuscule alcoves for GLn and GSp2n. Manuscripta
Math. 102 (2000), 403–428.
[8] B.C. Ngoˆ and A. Genestier, Alcoˆves et p-rang des varie´te´s abe´liennes. Ann. Inst. Fourier
(Grenoble) 52 (2002), 1665–1680.
[9] M. Rapoport and Th. Zink, Period Spaces for p-divisible groups. Ann. Math. Studies 141,
Princeton Univ. Press, 1996.
Erratum
Page 2 line 21 is incorrect. The moduli scheme AordΓ(p) is not e´tale over A
ord
g,1,N .
However, AordΓ(p) is still irreducible. The argument changes as follow. Let A
′ be a
finite radical base change of Aordg,1,N such that the extension
0→ X [p]0 → X [p]→ X [p]e´t → 0
splits. For example, take A′ to be (Aordg,1,N )
(p−n) over Fq. Let X
′ be the base change
of X over A′ and A′Γ(p) be the finite cover of A
′ classifying the Γ(p)-level structures.
Then A′Γ(p) is e´tale over A
′ and represents the sheaf
Isom((Z/pZ)g ,X ′[p]e´t)
on A′ for the e´tale topology. Then the same argument shows A′Γ(p) irreducible.
Since the natural morphism A′Γ(p) → A
ord
Γ(p) is surjective, the target is irreduicble.
J. Tilouine informed the author that AordΓ(p) is a torsor over Isom((Z/pZ)
g,X [p]e´t)
under the finite group scheme µp ⊗Z/p U(Z/p), where U over Zp is the unipotent
radical of the Siegel parabolic subgroup. We thank him for helpful discussions.
Page 3 line 7. Relace “an ordered ... g” by “a tuple of positive integers ki with∑r
j=1 kj ≤ g”.
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